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Abstract. In this review a survey of tunnelling processes between
barrier-separated two-dimensional (2D) systems and systems of different
dimensionality is given. Tunnelling between barrier-separated 2D systems can be
studied on very different samples such as triple-barrier structures, double-barrier
structures with a two-dimensional emitter, double-barrier structures under
hydrostatic pressure, double heterostructures, coupled quantum wells and also
coupled 2D electron–hole systems. Pure 2D–2D tunnelling processes with
individual contacts on both 2D systems, however, are only reported on double
heterostructures and coupled quantum wells. Using a transfer Hamiltonian
formalism, it is shown that all resonances in the tunnelling current have their origin
in density of states effects, transmission coefficients or the overlap integrals
between the initial and final states. 2D subband energies, background impurity
concentrations, the effective mass and also non-parabolicity effects can be
determined quantitatively in terms of the transfer Hamiltonian formalism.
By nanofabrication, tunnelling processes between 2D systems and states of
lower dimensionality (1D, 0D) can also be investigated. Here, the tunnelling
processes are mainly influenced by the overlap integral between the initial and final
states. The corresponding resonance positions in the tunnelling current strongly
depend on the shape of the confining potential and, moreover, the current–voltage
characteristics turn out to be the Fourier transform of the 1D (0D) wavefunction of
the final state. A brief survey of 1D–1D and 1D–0D tunnelling experiments is also
given.

1. Introduction
Tunnelling spectroscopy [1] has been used to study very
different types of junctions [2] over a long period of time.
In particular the investigation of quantized surface states has
turned out to be a highly interesting topic, since tunnelling
spectroscopy is a simple and helpful tool for determining
material parameters such as the electron effective mass or
LO phonon energies. Tsui [3, 4] investigated the subband
energies of bound states in a surface accumulation layer at
InAs–InAs–oxide interfaces. Resonant tunnelling processes
into these bound states were evident as peaks in the
derivative of the tunnelling current, and in addition LO
assisted transitions were also resolved. In strong magnetic
fields applied perpendicular to the junction, the measured
spacing between the Landau levels of the electric subbands
allowed a determination of the effective mass of electrons
in InAs. Later, similar experiments were also carried out on
PbTe–PbTe–oxide junctions [5] InGaAs–oxide–Pb [6] and
Si–SiO2 junctions [7] to determine the electron effective
mass and the LO phonon energy in these materials.
High-quality GaAs–AlGaAs heterostructures grown by
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molecular beam epitaxy allowed more extensive studies
of the influence of phonons and other physical properties
through tunnelling spectroscopy. In tunnelling experiments
on single-barrier heterostructures, LO phonon emission
causes extra structures in the tunnelling characteristics,
as soon as the difference between the emitter energy
and the collector Fermi level exceeds the LO phonon
energy [8]. On double-barrier structures, LO phonons
are evident through small satellites of the large negative
differential regions, which occur each time an emitter
state matches another state inside the well [9]. Moreover,
normally forbidden transitions such as transitions between
Landau levels of different indices, become allowed if the
momentum conservation parallel to the barriers is violated
by phonons [10, 11].
In contrast to earlier experiments, where the electrons
tunnel from a metal through a barrier into quantized
two-dimensional surface states, molecular beam epitaxy
(MBE) growth made it possible to obtain samples where
the tunnelling takes place entirely in the semiconductor
material. The former oxide barrier is replaced by a
monocrystalline semiconductor layer, which has a higher
1
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bandgap than the embedding material. In the case of the
GaAs–AlGaAs material system, the barrier height can be
varied via the aluminium concentration in the AlGaAs,
and thus MBE growth offers the possibility to fabricate
samples with a wide range of different barrier heights
and widths. These samples have a much higher quality
than the former metal–oxide–semiconductor systems and,
moreover, multibarrier structures of any kind can easily be
made. MBE growth also offers the possibility of fabricating
samples, containing states of reduced dimensionality. Very
interesting effects occur on samples with two-dimensional
(2D) emitter electrodes, 2D collectors or 2D intermediate
states. In the following section, these 2D–2D tunnelling
processes and typical experiments are briefly described.
2. Resonant tunnelling in 2D–2D systems
The most straightforward method of realizing tunnelling
between different 2D states is an asymmetric triple-barrier
[12] structure on the GaAs–AlGaAs material system.
The corresponding conduction band profile is shown in
figure 1(a). Here the electrons tunnel from a doped GaAs
emitter region through a double quantum well into a doped
GaAs collector. From the 3D GaAs region, the electrons
tunnel into the 2D states of the first quantum well, then
transitions between the 2D states in the first well and the
2D states of the second well occur and are followed by
tunnelling of the 2D electrons in the second well into the
3D collector electrode. Resonances in the tunnelling current
are always observed when the Fermi energy in the emitter
is aligned with the subband energies in the wells, and
another peak is expected when the subband energies in the
asymmetric wells are aligned. In magnetic fields applied
perpendicular to the layers of the samples, however, the
situation becomes more complicated. Now, Landau levels
exist in both quantum wells, and a large number of different
transitions can be observed, which are due to tunnelling
processes between the 3D emitter and the different Landau
levels inside the wells. Moreover, inter-Landau level
transitions inside the wells are also expected. As it is
not quite clear for such triple-barrier structures how much
of the applied voltage drops across the various barriers,
the quantitative analysis of the corresponding tunnelling
characteristics is rather difficult.
A more controlled way of investigating tunnelling
processes between two 2D systems is to use standard
double-barrier structures with large undoped spacers in
front of the barriers [13]. Under bias, electrons accumulate
in the undoped regions. If the sample quality if high
enough, 2D subbands are established in the almost
triangular potential region in front of the barrier. Electrons
tunnel from the 2D subbands of an accumulation layer
through the empty subbands inside the barriers into a
3D collector (see figure 1(b)). Experimentally, the 2D
character of the emitter electrodes is reflected in oscillations
of the resonance position in strong magnetic fields applied
perpendicular to the sample. Beyond the main resonance,
further peaks can be observed, which correspond to elastic
and inelastic scattering enhanced tunnelling processes.
Note that for double barriers with a 2D emitter, the Fermi
2

Figure 1. Conduction band profiles of typical 2D–2D
tunnelling structures: (a) triple-barrier diodes,
(b) double-barrier diode with 2D emitter, (c) double-barrier
diode under hydrostatic pressure (0, X denote the 0 and
X conduction band profiles), (d) double heterostructure, (e)
double quantum well. E0 denotes the lowest subband in
each structure.

level is normally well below the LO phonon energy and thus
phonon assisted tunnelling processes can also be studied.
The above situation, where electrons tunnel from 2D and
3D emitters through a 2D state, has also stimulated some
theoretical work, especially since it has turned out that
the peak to valley ratio of the resonant tunnelling current
is better for double-barrier structures with a 2D emitter
[14]. A high peak to valley ratio is crucial for device
applications and thus an understanding of the influence
of phonon assisted tunnelling from 2D emitter states on
the valley current yields important information for the
optimization of resonant tunnelling diodes [15]. Further
studies concern doping profile effects and tunnelling times
of confined electrons in double-barrier heterostructures [16]
and also self-consistent calculations of 3D–2D and 2D–2D
resonant tunnelling processes in double-barrier diodes [17].
An elegant alternative method for investigating
tunnelling processes between two-dimensional systems is
to apply a sufficiently high hydrostatic pressure to an
AlAs–GaAs–AlAs heterostructures [18]. This method takes
advantage of the energy alignment of the 0 and X point
of the Brillouin zone in the GaAs and the AlAs and
the different influence of external hydrostatic pressure on
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them. Figure 1(c) shows that under appropriate hydrostatic
pressure the X-valley in AlAs is lower than in GaAs
and electrons are transferred into the thin AlAs layers,
which form two quantum wells cladded between the GaAs
barriers. Thus, there are two two-dimensional electron
systems in the X-valley which are separated only by a
thin barrier. In the current–voltage (I (Vb )) curves, the
tunnelling processes between the 2D states in the Xvalley result in structures which occur in addition to
the negative differential resistance due to the resonant
tunnelling processes in the 0-valley. These additional
peaks unambiguously show that 2D–2D tunnelling is
present in such a sample, but compared with the effects
in the double 2D systems presented above they are rather
weak.
All above systems have in common that electrons tunnel
from 2D emitters through a 2D state into a 3D continuum
or from a 3D emitter through two 2D states. This has
the disadvantage that 3D states are always involved in
the tunnelling processes, which either makes the analysis
difficult or weakens the 2D effects. However, there are
two different structures reported in the literature where
only tunnelling processes between the 2D systems can be
investigated.
The first tunnelling processes between two purely twodimensional systems were reported by Smoliner et al
[19, 20] on a sample having a bandstructure which is
shown in figure 1(d). On such a sample, two 2D electron
systems exist on both sides of the doped AlGaAs barrier.
Although these 2D systems are only separated by a barrier
of 200 Å, independent contacts to both channels can
be achieved. Through these independent contacts, the
2D electron systems are shifted energetically with respect
to each other, and thus transitions between the 2D subbands
on each side of the barrier can be studied. These transitions
are directly evident as peaks in the tunnelling current and
its derivative. Such measurements are performed using a
four-terminal conduction bridge [21], to compensate series
resistances and to achieve a high resolution. This technique
is crucial at strong magnetic fields, where the series
resistances in the lower 2D channel becomes an oscillatory
function of the magnetic field. A further advantage of
this sample was found to be that, to an extremely good
approximation, all of the applied voltage drops over the
barrier [22] and the relative energy shift of the 2D systems
are equal to e1Vb .
It must be pointed out that for all these experiments
the applied voltages are large enough to induce tunnelling
processes between different subbands on each side of
the barrier. For a second type of experiment, so-called
equilibrium tunnelling spectroscopy [23], just very small
bias voltages are used. In this way, only transitions close
to the Fermi energies in both 2D channels are investigated.
For these experiments, a double quantum well structure was
first introduced by Eisenstein et al [24, 25], which is shown
in figure 1(e). To establish individual contacts to the two
2D systems on this sample, a selective depletion technique
using gates was applied. Ohmic contacts were alloyed
through both channels simultaneously, but the individual
channels are locally depleted through different gates on the

top and the backside of the sample and not by an etching
process. Thus it is possible to apply voltages between the
channels and to perform both tunnelling experiments and
magnetotransport in each individual channel. The electron
concentrations in both channels can be controlled via
additional frontgates and backgates on the sample. As an
alternative to evaporation, the gates can also be fabricated
by in situ ion beam lithography and molecular epitaxy
regrowth, which has the advantage that patterned gate
structures can be incorporated directly into the structure
[26–28].
A main advantage of the double quantum well structure
over the 2D double heterostructure is that it contains an
undoped barrier which yields very high electron mobilities
in both channels and almost no scattering during the
electron transfer between the two 2D systems. This enables
investigations on the influence of the second 2D channel on
the normal quantum Hall [29–31] effect, device applications
[32, 33], measurements and screening effects [34], and also
predictions on a transmitted phonon drag between parallel
two-dimensional electron gases through a Monte Carlo
simulation [35].
Most recently, advanced MBE growth and contact
formation have made it possible to fabricate separately
contacted electron–hole double layers in GaAs–AlGaAs
heterostructures [36].
Such a system becomes very
interesting when the spacing between the carriers is
comparable with the separating barrier width, which means
that strong electron–hole interactions will be possible. For
such a system, it is expected, for example, that the crystal
phase boundary between the fractional quantum Hall effect
and the Wigner crystal phase is changed [37]. If the layers
are sufficiently close and the carriers are dilute enough,
electrons and holes will form a 2D Bose gas of stable
excitons that is expected to have a superfluid transition
[38, 39]. Electron–hole annihilation is also possible if the
barriers are thin enough, which is a promising radiation
source, where the photon energy and the recombination
times can be adjusted via MBE growth [40, 41].
3. The transfer Hamiltonian formalism
3.1. 2D–3D tunnelling at B = 0 T
As shown above, MBE growth offers the possibility for
many 2D–2D tunnelling experiments on very different
kinds of samples. To understand the experimental data,
however, it is necessary to calculate the tunnelling current,
or at least its components which contribute to the above
effects. A practical method for this is the so-called transfer
Hamiltonian formalism, where the initial and final states
are treated as independent systems separated by the barrier.
Then a time-dependent perturbation is introduced to couple
the initial and final states. The transfer of electrons from
one electrode to the other is caused by this perturbation and
the tunnelling probability is obtained by the time-dependent
evolution of the initial state. In the following, the initial
states are defined to be on the left-hand side and the final
states on the right-hand side of the barrier.
In what follows the transfer Hamiltonian formalism
[42–44] is applied to the tunnelling processes between
3
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barrier-separated 2D systems and also to transitions
between 2D states and states of lower dimensionality.
It should be mentioned, however, that the transfer
Hamiltonian formalism is not restricted to this system and
that it can be applied to any kind of tunnelling process.
According to Fermi’s golden rule, the tunnelling
probability per unit time, which is the tunnelling rate, is
given as
PLR =

2π
|MLR |2 gR (Ez )fL (E)(1 − fR (E)).
h̄

(1)

MLR is the matrix element for transitions between the leftand right-hand side of the barrier, gR the density of states
on the final side and f the Fermi distribution function. The
states on the left-hand side are defined as initial states, the
states on the right-hand side as final states. The matrix
element can be expressed as


ZZ
∂9R∗
h̄2
2
∗ ∂9L
.
d S 9R
−9L
MLR = − ∗
2m
∂z z=z0
∂z z=z0
z=z0
(2)
The integration over the surface elements dS has to be
carried out in the plane of the barrier which separates the
initial and final side at z = z0 . To calculate the tunnelling
current, one has to sum over all initial and final k vectors,
kL . If one includes the possibility of forward and backward
tunnelling and also the influence of spin, the resulting
tunnelling current density is calculated as
4π e X
|MLR |2 gR (Ez )fL (E)(1 − fR (E))
j=
h̄ kL
Z
4π e X
dEz |MLR |2 gR (Ez )gL (Ez )
j=
h̄ kx,L ,ky,L
(3)
×(fL (E) − fR (E))
In the second line of the above formula, the sum over
kL,z on the initial side was replaced by the integral over
EL,z . gL (Ez ) is the corresponding density of states. As
this review mainly deals with tunnelling processes between
two two-dimensional systems, we now evaluate the matrix
element MLR for the case that both the initial and final
states are purely two dimensional. As in a two-dimensional
system, the states are quantized in the z direction but free
motion of electrons exists in the x and y directions; the
wavefunctions for the left- and right-hand sides are written
as
9L = 9L (z) exp(ikx,L x) exp(iky,L y)
9R = 9R (z) exp(ikx,R x) exp(iky,R y).

(4)

Inserting the wavefunctions into the expression for the
matrix element and evaluating the integrals yields


∂9R∗
h̄2
∗ ∂9L
− 9L
MLR = − ∗ 9R
2m
∂z z=z0
∂z z=z0
(5)
×δ(kx,L − kx,R )δ(ky,L − ky,R ).
The first term is simply the transmission coefficient of the
barrier. The δ-functions are the evaluated overlap integrals
of the wavefunctions in the x and y directions between the
initial and final states. For 2D–2D tunnelling processes,
these wavefunctions are plane waves on both sides of the
barrier and the overlap integrals in the x and y directions
4

yield δ-functions. This means that the wavevectors parallel
to the barriers (kx , ky ) have to be conserved for 2D–2D
tunnelling processes.
3.2. 2D–2D tunnelling in the Bkj configuration
We now investigate the influences of magnetic fields which
are applied perpendicular to the sample. In this case,
Landau levels are formed in the 2D systems on both sides
of the barrier having quantization energies of En = h̄ωc (n+
1/2). In Landau gauge, the corresponding wavefunctions
can be expressed as
9L = 9L (z) exp(ikx,L x)8n,L (y)
9R = 9R (z) exp(ikx,R x)8m,R (y).

(6)

m and n denote different Landau level indices on each side
of the barrier. The matrix element is written as


h̄2
∂9L
∂9 ∗
MLR = − ∗ 9R∗
− 9L R
2m
∂z
∂z z=z0
Z z=z0
×δ(kx,L − kx,R )

8m,L (y)8n,R (y) dy.

(7)

This expression is similar to equation (5), since it still
contains the identical expression for the transmission
coefficient and the δ-function for kx conservation. For the
y direction, however, the matrix element now contains the
overlap integral between the Landau levels on each side
of the barrier. It must be pointed out that due to the
orthogonality of the harmonic oscillator states this overlap
integral is zero for different Landau level indices. Thus
transitions are only possible between states of the same
index m = n. Due to scattering processes and imperfections
of the sample, however, the forbidden transitions are
nevertheless observed as weak structures in the tunnelling
current or its derivative.

3.3. 2D–1D tunnelling
Also transitions between states of different dimensionality
can be treated in terms of the transfer Hamiltonian
formalism. We first look at transitions between a 2D system
and a quantum wire. The wavefunctions are plane waves in
the x and y directions on the 2D side. For the quantum wire
side, we have plane waves in the x direction and quantized
states in the y direction. Thus the wavefunctions are written
as
9L = 9L (z) exp(ikx,L x) exp(iky,L y)
9R = 9R (z) exp(ikx,R x)8n,R (y).

(8)

The matrix element for the 2D–1D tunnelling process is


h̄2
∂9L
∂9 ∗
MLR = − ∗ 9R∗
− 9L R
2m
∂z
∂z z=z0
Z z=z0
(9)
×δ(kx,L − kx,R ) exp(iky,L y)8n,R (y) dy.
As one can see, the 2D–1D tunnelling process looks similar
to the case of magnetic fields. Still, the momentum in the
x direction is conserved. The overlap integral between the
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plane waves on the 2D side and the quantized state in the
y direction in the quantum wire, however, is remarkable:
the overlap integral between the plane wave of the initial
state and the 1D final state is simply the Fourier transform
of the wavefunction of the 1D state. We now assume that
the 2D systems are shifted in energy by eVb with respect
to each other. Total energy conservation requires that
En,L +

2
2
2
h̄2 ky,L
h̄2 kx,L
h̄2 kx,R
+
+ eV = Eµ,R +
.
∗
∗
2m
2m
2m∗

(10)

As we can ignore the free motion in the x direction, this
equation can be expressed in terms of ky :
s
ky (V ) = ±

2m∗
(Eµ,R − En,L − eV ).
h̄2

(11)

This means that the wavevector of the tunnelling
electron, ky , is controlled by the external voltage, and
thus the measured current–voltage characteristics directly
correspond to the Fourier transform of the wavefunctions
in the 1D state.

3.4. 2D–0D tunnelling
For 2D–0D transitions the situation is similar, but for
simplicity a cylindrical coordinate system is used to
describe the electronic properties of the 0D system. The
wavefunctions are therefore characterized by a function
9A0D (ρ, ϕ, z; nA , mA ), where nA represents the radial and
mA the azimuthal quantum number. As the unstructured
accumulation layer (index A) exhibits only one subband,
these two quantum numbers are sufficient to describe the
0D states in the MQD system. The wavefunctions of
the subbands in the inversion layer (index I) are given
2D
by 9I,ν
(ρ, ϕ, z; mI ). Here ν stands for the 2D subband
index, mI takes the degeneration of Ek (energy of the
motion parallel to the interface) into account. As coupling
between the coordinates is neglected, it is possible to use
the following separation ansatz
1
1
9I,ν (z) √ exp(imI ϕ)JmI (kk ρ)
Aρϕ
2π
1
1
=p
9A (z) √ exp(imA ϕ)φnA ,mA (ρ).
Aρϕ
2π
(12)

2D
=p
2DEG: 9I,ν

0DEG: 9A0D

The area Aρϕ represents the normalization constant in both
systems. The matrix element |MAI |2 which is governed by
the overlap of the single wavefunctions can be obtained by
the following expression


ZZ
−h̄2
∂9I∗
∗ ∂9A
MAI =
−
9
dx
dy
9
A
I
2m∗
∂z
∂z
S
∗ 
2 
∂9I,ν
−h̄
∗ ∂9A
=
− 9A
δmI,mA
9I,ν
2m∗
∂z
∂z z=zb
|
{z
}
tB
Z
× dρ ρJmI (kk ρ)φnA ,mA (ρ) .
(13)
{z
}
|
hJm (kk ρ)|φnA ,m (ρ)i

The first term in this equation, tB , represents the
transmission coefficient of a single-barrier heterostructure.
The δ-function in the middle of equation (13) guarantees
the conservation of the angular momentum (quantum
number m) during the tunnelling process. For the matrix
element non-zero values can only be obtained for mI =
mA ≡ m.
The value of the corresponding matrix element is a
function of the radial quantum number nA , the (common)
azimuthal quantum number m, and the wavevector kk
which depends on the applied bias voltage. Its value,
however, is fixed by demanding the conservation of the
total energy (10)
s
2m∗
(EnA ,m − EνI − eVb ).
(14)
k̃k (Vb ) =
h̄2
Thus, for 2D–0D tunnelling processes as well, all structure
in the resonant tunnelling current will be caused by the
behaviour of the overlap matrix element InA ,m as a function
of bias voltage. Further, the calculations have shown that
the value of the overlap matrix element InA ,m not only
depends on the quantum numbers nA and m and on the
bias voltage Vb , but also on the particular potential profile,
which will be demonstrated later in this review.
Going back to the expression for the tunnelling current
(equation (3)), one can see that the tunnelling current is
controlled by four components: the density of states, the
transmission coefficient of the barrier, the overlap integral
and the distribution function. As tunnelling experiments are
always performed at very low temperatures, the influence
of the distribution function can normally be ignored. It
is shown below that in all experiments the observed
structures in the tunnelling current are due to the influence
of the transmission coefficient, the density of states or the
wavefunction overlap between the initial or final states
and for 1D–2D and 2D–0D tunnelling the experimental
results are quantitatively analysed in terms of the transfer
Hamiltonian formalism.
4. 2D–2D tunnelling experiments in zero magnetic
field
An effect which is mainly controlled by the transmission
coefficient of double-barrier structures is the height of the
resonance peak on double-barrier resonant tunnelling diodes
and the corresponding ratio between the maximum current
in resonance and the minimum current (‘valley current’)
at off-resonance conditions. Experimentally, it has been
found that a two-dimensional emitter improves this peak
to valley ratio, and thus different ways to establish such a
two-dimensional emitter have been explored. On GaAs–
AlGaAs double-barrier diodes, a two-dimensional emitter
is formed under bias on samples having an undoped GaAs
region in front of the barriers. Such samples exhibit good
peak to valley ratios but not very high current densities,
which is related to the series resistance caused by the
undoped regions. On InGaAs double-barrier structures,
however, a two-dimensional emitter can be realized as an
InAs pre-well, which provides both high current densities
5
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Figure 2. Self-consistently calculated conduction band profile at a bias voltage Vb . Eninv and E0acc denote the subband
energies in the inversion and accumulation layers. EFinv and EFacc are the corresponding Fermi energies. EFAuGe is the Fermi
energy in the top AuGe electrode and Vb the applied bias voltage.

and good peak to valley ratios. These features are most
important for device applications [45, 46].
Density of state effects in the initial and final electrodes,
however, are mainly responsible for all resonant transitions
between two-dimensional systems. The first tunnelling
processes between two purely two-dimensional systems
were reported by Smoliner et al [47, 48]. The samples
for these experiments consist of an unintentionally p-doped
GaAs layer grown on a semi-insulating substrate followed
by an undoped spacer (d = 50 Å), doped Alx Ga1−x As
(d = 50 Å, ND = 3 × 1018 cm−3 , x = 35%), another
spacer (d = 100 Å) and n-doped GaAs (d = 800 Å, ND =
1.2×1015 cm−3 . The additional GaAs cap layer was highly
n-doped (d = 150 Å, ND = 6.2 × 1018 cm−3 ). A selfconsistently calculated conduction band profile is shown
in figure 2. One can see that two 2D electron systems
are formed on both sides of the doped barrier. The lower
2D gas in the undoped GaAs is an inversion layer with
one occupied subband and several empty higher subbands;
the upper 2D gas in the n-GaAs is an accumulation layer
with one occupied subband. Higher empty states do not
exist on the n-doped side, since they are already located
above the GaAs bandedge. Typical electron concentrations
in the inversion and accumulation layer at liquid-helium
temperature are ninv = 6.3 × 1011 cm−2 and nacc =
5.7 × 1011 cm−2 . The electron mobility at the upper
interface is µacc = 35 000 cm2 V−1 s−1 and µinv =
130 000 cm2 V−1 s−1 in the lower channel. Although
these 2D systems are only separated by a barrier of 200 Å,
independent contacts to both channels can be fabricated as
follows. First, ohmic contacts to both 2D channels are
aligned using a AuGe alloy. To establish the tunnelling
contact, an AuGe film is slightly diffused into the upper
GaAs layers. Finally, the GaAs around the top contact is
6

removed selectively, yielding independent contacts to both
2D channels.
Through the independent contacts, it is now possible
to shift the 2D electron systems energetically with respect
to each other so that the transitions between the different
2D subbands on each side of the barrier can be studied.
These transitions are directly evident as peaks in the
tunnelling current and its derivative. Such measurements
are performed using a four-terminal conduction bridge [49],
to compensate series resistances and to achieve a high
resolution. This technique is crucial at strong magnetic
fields, where the series resistances in the lower 2D channel
become an oscillatory function of the magnetic field. As
a further advantage of this system it was found, that to an
extremely good approximation, all of the applied voltage
drops over the barrier [50], so that the relative energy shift
of the 2D systems in good approximation is equal to e1V
and thus it is easy to determine the subband energy spacings
in the 2D systems. The measurement of the subband
spacings in the lower channels offers the possibility of
determining the local impurity concentration in the GaAs
buffer layer, which is an extremely important parameter for
MBE growth.
To determine the local concentration of charged
impurities in the GaAs buffered layer, the resonance
positions in the tunnelling current were measured and
then compared with self-consistent calculations. A typical
I (Vb ) curve and its derivative is shown in figure 3.
The large number of sharp subband resonances reflects
the high quality of the sample, especially the low
background impurity concentration in the GaAs buffer
layer. As the wavefunctions of the 2D subbands penetrate
deeper into the GaAs with increasing subband index
(see figure 2), a high-resolution measurement of the
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Figure 4. Background impurity concentration as a function
of the distance from the GaAs–AlGaAs interface, which is
located at z = 0.

Figure 3. Typical I (Vb ) and dI / dVb curves traced at 0 T
and T = 4.2 K.

I (Vb ) peak positions in the tunnelling characteristics and
the corresponding subband spacings offers the possibility
for a depth-dependence determination of the impurity
concentration in the uppermost region of GaAs buffer layer.
Using the impurity concentration in the GaAs buffer as a
fitting parameter, the background doping in the GaAs is
obtained through a comparison of the calculated resonance
positions with the measured peak positions in the tunnelling
characteristics. To solve the Schrödinger equation, a onedimensional finite difference method was applied, leading
to an eigenvalue problem solved by EISPACK routines
[51]. This method yields correct and stable solutions even
in the case of relatively thick barriers such as those on
the investigated sample. In analogy to the calculations
performed by Stern and Das Sarma [52], non-parabolicity
effects were also included in the calculation of the Hartree
potential. Exchange and correlation effects [53] were also
taken into account. Further details of this procedure have
been published elsewhere [22, 54].
The best fit between experimental data and calculated
impurity concentration in the GaAs buffer can be obtained
if an exponentially decreasing impurity concentration in
growth direction superimposed on a constant background
is assumed. The result of this calculation is shown in
figure 4, where the impurity concentration in the buffer
layer is plotted as a function of the distance from the
GaAs–AlGaAs interface (bold line). The thin lines indicate
the range of the experimental error. In the considered
range, the fit yields an exponential decrease of the impurity
concentration from NA = 1.22 × 1014 to 0.75 × 1014 cm−3
at the interface, according to the relation NA = [0.25 +
0.5 exp(−z/1800)] × 1014 cm−3 , where z is measured in
Å. This result indicates that the impurity concentration on
top of the 2 µm thick GaAs buffer is still limited by the
decay of the initial impurity concentration on the substrate
surface and not by the saturation value of 0.25×1014 cm−3 ,

which is a measure for the MBE machine inherent level of
background doping.
Note that Hall measurements at such low doping levels
encounter severe difficulties. A Hall measurement carried
out on a equivalent bulk-like epitaxial layer with a thickness
of 2 µm and a doping below 1×1015 cm−3 yields unreliable
results or even fails, since the upper parts of the buffer or
even the whole layer are surface depleted. If a sufficiently
thick epitaxial layer is grown, for example for test purposes,
one is not able to determine the concentration in the
uppermost regions and, further, the impurity concentration
will be different from the impurity concentration in a ‘real’
heterostructure.
5. 2D–2D tunnelling experiments in strong
magnetic fields (B kj )
In this section of the review we focus on the results obtained
by so-called ‘equilibrium tunnelling spectroscopy’ in high
magnetic fields. ‘Equilibrium tunnelling spectroscopy’
means that the experiments are performed between two 2D
electron systems of equal densities at zero bias. Further,
the Fermi energies are aligned at zero bias and the
measurements are only carried out with high resolution
in a small voltage range around Vb = 0. Thus, only
transitions close to the Fermi energy are investigated. For
all experiments, the orientation of the magnetic field is
perpendicular to the layers of the sample, i.e. parallel to
the tunnelling current.
The first measurements using equilibrium tunnelling
spectroscopy were performed by Eisenstein et al [55, 56].
Later, similar experimental results were also obtained by
Brown and co-workers [57]. The samples employed for
these measurements are double quantum wells where one
2D subband is occupied in each well. The wells are
embedded between AlGaAs layers having an aluminium
concentration of approximately 30%. For all reported
experiments, the wells are typically 200 Å wide and
separated by a barrier of 175 Å or larger. The electron
concentration in both wells are chosen in such a way that
7
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the average distance between the electrons is of the order
of the barrier thickness. Under this condition, interactions
between the two 2D systems can be expected. If the
fractional quantum Hall regime has to be investigated, the
electron densities have to be low and the low-temperature
mobilities have to be high (ns = 1.6 × 1011 cm−2 , µ = 3 ×
106 cm2 V−1 s−1 [55]). Outside the fractional quantum Hall
effect regime, electron densities around 3 × 1011 cm−2 and
mobilities of µ = 8 × 105 cm2 V−1 s−1 are also sufficient
[57] to observe interactions between the 2D systems. It
should be mentioned that for all experiments the density
was adjusted to be the same in both 2D channels through
additional backgate voltages.
For the above double quantum well structure, the
tunnelling current was measured without and also in strong
magnetic fields. As a main result it was found that in
contrast to the B = 0 T the resonant tunnelling current is
suppressed around zero bias for high magnetic fields. The
onset of the tunnelling current is clearly at bias voltages
larger than 0 V, followed by a large resonance peak. It
must be pointed out that these effects were only observed
for a magnetic field regime, where the Landau level filling
factor is less than 1. The current onset and the peak position
shift to higher voltages was also observed and explained by
tunnelling processes into the first excited Landau level.
The qualitative explanation for the strong suppression
of the tunnelling current around zero bias lies in the strongly
correlated nature of the 2D electron gas in the lowest
Landau level. The magnetic field localized the electrons
on the scale of the magnetic length, and at sufficiently
high fields a Wigner crystallization occurs [58] in both 2D
channels of the sample. An electron tunnelling between
the strongly correlated systems must first be extracted
from the emitter and then be injected into an interstitial
position of the Wigner crystal in the final electrode. The
additional energy which is necessary to inject the electron
into the Wigner crystal, and also the energy to eject the
electron from the Wigner crystal in the emitter electrode,
suppresses tunnelling around the Fermi level and thus a
pseudogap is generated. A quantitative explanation of
this effect, including the influence of magnetophonons and
magnetoplasmons, which are generated when an electron
is injected into the Wigner crystal, is given in [59].
Note that this gap at the Fermi energy can also be
observed in 3D–2D tunnelling experiments, where electrons
tunnel from a doped bulk region into a quantum well
[60]. Using intensive temperature studies of the magnetic
field-dependent tunnelling conductance, this work made
localization effects responsible for the observed effects.
The latest studies on the above double quantum well
structure even show evidence of an interlayer exciton in
the tunnelling of electrons between both 2D systems [61].
The idea behind this is that a tunnelling electron leaves a
hole in the emitter electrode. Owing to the high amount
of correlation, this strongly localized charge defect has a
relatively long lifetime and results in changes of the energy
gap between the quantum wells for different barrier widths.
Besides direct tunnelling measurements, another topic
of interest is the influence of a second 2D electron system
on the quantum Hall effect and fractional quantum Hall
8

effect [29]. For this purpose, magnetotransport experiments
were carried out on the above double-layer 2D electron
system. It was found that two new states exist in such a
sample at filling factors of ν = 1 and ν = 0.5. Studies
of samples with different densities and layer separations
and also experiments with in-plane magnetic fields were
used to show that these two states arise from an interplay
between intra- and interlayer Coulomb interactions. This
influence of the fractional quantum Hall effect can also be
observed in double-barrier diodes with a two-dimensional
emitter [62].
On the double-heterostructure sample, the additional
magnetic field causes Landau levels in both 2D systems,
which are equally spaced by h̄ωC (ωC is the cyclotron
frequency), and thus extra structures in the tunnelling
current can be expected due to transitions between barrierseparated Landau levels. In 1970, Tsui [3] investigated
the Landau level spectra in narrow accumulation channels
using tunnelling spectroscopy. Oscillations in the second
derivative of the tunnelling current were observed as a result
of the Landau levels in the accumulation channel, which
give a direct measure of the in-plane effective mass of the
confined electrons. Since then, many magnetotunnelling
experiments have been performed on single-barrier [63] and
double-barrier [64, 65] heterostructures. In the latter case,
tunnelling through Landau levels inside the well was also
observed. More recently, Kane et al [66] found evidence
for inter-Landau level tunnelling in a 2DEG between
regions of different electron concentrations induced by
a gate contact. When a magnetic field was applied,
the current between the two regions of different electron
densities showed a backward pn-diode-like behaviour.
Treating the Landau level separation at the boundaries of
the two regions of different electron densities as similar
to the bandgap of a semiconductor diode, the existence
of inter-Landau level tunnelling was used to explain the
current flow under reverse bias.
In double heterostructures, however, the situation is
somewhat different as well defined Landau levels exist
both in the inversion channel and in the accumulation
layer, which are only 200 Å apart. The total energy
of the electrons, for example in the inversion layer, is
inv
therefore given by E = En,N
= Eninv + h̄ωc (N + 1/2).
If an electron that tunnels from the accumulation into the
inversion layer suffers no scattering during the tunnelling
process, the momentum and energy parallel to the barrier
are conserved and thus a conservation of the Landau level
index is expected. If the applied bias voltage adjusts two
subbands energetically into resonance position, all Landau
levels on both sides of the barrier are aligned automatically,
as their spacing is only determined by the magnetic field.
Shifting the quantized systems by h̄ωc with respect to
each other, a situation is generated where two Landau
levels of different index are aligned. As the Landau level
index has to be conserved during the tunnelling process,
such a transition is forbidden in the absence of scattering,
and therefore no extra structures in the tunnelling current
can be expected. Due to the non-ideal situation in ‘real’
samples, however, a certain number of scattering events
can take place during the tunnelling process. Consequently,
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Figure 5. GaAs effective mass as a function of hydrostatic
pressure.

normally forbidden transitions between Landau levels of
different index [67] are also evident as a series of extra
structures in the derivative of the tunnelling characteristics.
These extra peaks are spaced by h̄ωc = eB/m∗ , where m∗
is the effective mass of electrons. Measuring the magneticfield-dependence peak positions with high resolution, the
GaAs effective mass, and also its dependence on external
hydrostatic pressure, can be determined [68] (see figure 5).
6. 2D–2D tunnelling in the B ⊥ j configuration
Tunnelling in a configuration where the magnetic field
is applied parallel to the layers of the sample and
perpendicular to the direction of the tunnelling current
(B ⊥ j ) has been performed on different structures by
several groups during the last few years. The most
common configuration is the double-barrier heterostructure,
which consists of two barriers with a quantum well in
between. The electrodes on both sides of the structure
are of three-dimensional character, whereas the motion
of the electrons is completely quantized inside the well,
where a two-dimensional electron gas (2DEG) is formed
between the barriers. Results on this system have been
reported for GaAs/AlGaAs [69–72] and InP/InGaAs [73]
heterostructures. Similar experiments have also been
performed on barrier-separated superlattices [74]. In singlebarrier structures, tunnelling is observed between the two
sets of states on both sides of the barrier, where the
dependence of the transmission probability on the energy
can be neglected. With applied in-plane magnetic fields,
the features in the I (Vb ) characteristic broaden significantly
and are observed to shift to higher energies. More
recently, attention has focused on the valence band. In
the AlAs/GaAs system [75], a double-barrier configuration
was used to study the valence subbands in the central
quantum well, where in this case the emitter was of twodimensional character. For the Si/SiGe system [76, 77],
tunnelling in in-plane magnetic fields has been used to
study in-plane effective masses of the valence subbands,
and angular ansitropy. In contrast to optical measurements,
which tend to average over k space, magnetotunnelling
spectroscopy allows the investigation of specific k-values,
because energy and momentum must be conserved in the

Figure 6. I (Vb ) curves traced at B = 0 T and at an in-plane
magnetic field of B = 0.3 T.

resonant tunnelling process. Thus, only particles eligible
for tunnelling contribute to the resonant current, and the
dependence of the resonance peak position and its shape
on in-plane magnetic fields yields information on the band
structure.
For a double quantum well structure, 2D–2D tunnelling
processes have been investigated using a double quantum
well structure with strongly different mobilities. On such a
sample, the in-plane sample resistance exhibits a maximum
when the structure is driven into resonance. This effect is
explained by the fact that, in resonance, the 2D state on
the high-mobility side is extended to the low-mobility side
and therefore suffers more scattering. In sufficiently high
magnetic fields applied parallel to the layers of the sample,
however, this resistance maximum can be quenched [78].
Here, the in-plane magnetic field causes a deformation of
the wavefunction and Fermi surfaces, so that the coupling
of the wavefunctions in both 2D channels is suppressed in
resonance.
On the 2D–2D double-heterostructure structure, an
interesting influence of small in-plane magnetic fields on
the I (Vb ) curves is shown in figure 6. Here, the resonant
features show different behaviour with applied in-plane
magnetic fields, depending on whether both or just one
of the subbands involved in the transition are occupied by
electrons. In the first case, the resonant peak at B = 0 T
splits into two peaks, which shift to higher/lower energies
when the magnetic field is increased. When the target
subband is empty, the resonant feature shifts to higher
energy, and exhibits a characteristic ‘shoulder’. In addition,
resonance broadening takes place. By comparison with
computer-simulated I (Vb ) curves it is shown that this
behaviour of the resonant features under in-plane magnetic
fields is due to a difference in effective mass between
the initial and final states, which occurs since they are
different in energy. Figure 7 shows this influence of the
non-parabolicity as a function of energy [79].
9
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Figure 7. GaAs effective mass as a function of energy.

7. Tunnelling between 2D and lower-dimensional
systems
In this section, transitions between 2D systems and electron
systems of lower (1D, 0D) different dimensionality are
discussed. Taking double-barrier resonant tunnelling diodes
as a starting point, epitaxial regrowth techniques either
on V-groove etched substrates, as proposed by Luryi and
Capasso [80], or on the edge of in situ cleaved substrates
[81] lead to devices where electrons tunnel resonantly from
a 2D emitter state into 1D wire subbands [82]. In this
geometry, tunnelling proceeds from the edge of a twodimensional electron source through the bound state in a
quantum wire into the edge of a 2D electron system. The
mixing of the longitudinal and perpendicular motion of the
carriers allows a detection of the wire’s states of excited
perpendicular motion in such a sample. For double-barrier
resonant tunnelling diodes, the lateral motion can also be
restricted by use of focused Ga ion-beam implantation [83].
In that experiment, effects of mixing 2D emitter subbands
with 1D subbands in the double-barrier region could be
observed, which are related to their particular parity [84].
In theoretical models, subband mixing and coupling effects
turned out to be important and have to be taken into account
[85, 86].
In contrast to vertical tunnelling geometries, lateral
1D to 2D tunnelling geometry can also be implanted on
modulation-doped field effect transistor heterostructures by
using electron-beam lithography [87] where the 1D density
of states is reflected in the tunnelling current. For this
experiment, a splitgate geometry with a ‘leaky’ 1D channel
is used. In this leaky 1D system, electrons can tunnel
out of the 1D channel through a thin sidewall barrier into
an adjacent 2D electron bath [88]. A sharp peak and a
valley structure can be observed in the 1D–2D tunnelling
current, when the carrier concentration in the 1D channel
is modulated through the splitgates. These structures are
due to the influence of the subbands in the 1D channel,
and in addition it was shown that electron waveguiding
exists in this system, which is completely independent of
the observation of conductance quantization.
On the double 2D heterostructure, 1D–2D tunnelling
can be realized if the upper channel is structured into
10

quantum wires by laser holography [89]. In this case,
tunnelling processes between a multiple quantum wire
(MQW) system and a 2DEG can be investigated. It
must be pointed out that in this geometry both the initial
and the final states involved in a tunnelling transition are
quantized in such a way that no free momentum component
exists in the direction of the tunnelling current. Under
these conditions, the tunnelling probability and selection
rules turn out to depend strongly on the profile of the
confining potential and therefore on the shape of the onedimensional (1D) wavefunction. In order to illustrate
this effect, a transfer Hamiltonian formalism was used
to calculate the transition probability for quantum wire
potentials of different shape. In the case of a square well
potential, no additional resonance structures (if compared to
tunnelling between two 2DEGs) are to be expected. For a
smooth cosine-shaped potential, however, all 1D states give
rise to a multitude of resonant structures in the tunnelling
current. From the experimental results it was concluded
that in the investigated MQW system the potential can
qualitatively be best described by a harmonic oscillatorlike profile. In addition, the temperature behaviour of the
resonance structures caused by the 1D states was studied
both experimentally and theoretically, yielding quantization
energies in the quantum wires. If the thermal energy
exceeds the 1D subband spacing, significant changes of
the 1D potential, caused by the occupation of higher
subbands and reduced screening effects, have to be taken
into account.
Further structuring even allows us to study tunnelling
processes between 2D and 0D states [90]. To obtain
such samples, where electrons tunnel between a multiple
quantum dot array and a 2DEG, holographic photoresist
grids with a period of a = 350 nm were fabricated in the
area of the tunnelling contact using a UV laser interference
pattern and a double-exposure technique. In order to
deplete the accumulation layer in the uncovered regions, the
dots were wet chemically etched around 300 Å deep into the
GaAs cap layers. The remaining islands have a diameter of
≈ a/2, resulting in a three-dimensional confinement of the
carriers in the accumulation layer. As earlier, AuGe was
evaporated over the total area of the tunnelling contact,
establishing ohmic contacts to the quantum dot system.
As a result, one has a system where quantum wires and
a 2DEG are independently contacted, although separated
only by a barrier of 200 Å. The sample geometry is shown
schematically in figure 8.
By applying a voltage Vb , the 0D states are shifted
energetically by 1E = e1Vb with respect to the 2DEG,
since this external electric field drops completely across
the potential barrier. A negative bias voltage Vb < 0
corresponds to tunnelling processes from a 0D state of the
MQD system into a 2D subband of the inversion channel.
The bandstructure of the sample, which illustrates this
situation, is shown in figure 8 for both the etched and the
unetched regions (upper and lower part respectively).
The experimental results are plotted in figure 9.
Figure 9(a) shows the dI / dVb characteristics of the
nanostructured 0D–2D sample, where the temperature is
varied between T = 1.7 K (curve (1)) and T =

Tunnelling spectroscopy of low-dimensional states

Figure 8. A schematic view of a 0D–2D sample is shown on the left-hand side. The corresponding conduction band profile
for the etched and unetched areas of the sample is shown on the right.

40 K (curve (12)). For reference reasons, the dI / dVb
characteristics of a non-nanostructured sample are plotted
in part (b) of figure 9 for the two temperature values T =
1.7 K (curve (1)) and T = 40 K (curve (2)). A comparison
of the two characteristics (curve (1) in (a)) and (curve (1)
in (b)) shows that the nanofabrication process leads to
a multitude of new resonances which exist within the
whole voltage range considered. At small negative bias
voltages in particular new resonance structures can be
observed, in a regime where the characteristic (curve (1)
part (b)) is absolutely flat. With regard to the amplitudes
and the positions of the new peaks, there exists no
obvious correlation between the 2D–2D and the 0D–
2D tunnelling characteristic. Nevertheless it has to be
stressed that all resonance structures are fully reproducible
within the investigated bias voltage regime. All resonance
peaks of the 0D–2D dI / dVb characteristic, however,
show a strong dependence on the temperature. Above
T = 4.2 K (curve (2) part (a)), only about half of the
resonances can still be resolved. A further increase of
the temperature results in a monotonic broadening of all
resonance structures, accompanied by a monotonic decrease
of peak amplitudes. For bias voltages Vb < 0, one can
observe a common shift of all structures to more negative
values of Vb , whereas the peak positions at positive bias
voltage remain almost unchanged at temperatures T >
4.2 K. The subband resonances of the 2D–2D dI / dVb
characteristic (curve (1) part (b)) behave in the same way.
With rising temperature, the peak amplitudes decrease
rapidly, whereas the linewidth increases simultaneously.
The shift of these resonance structures is due to the
thermally activated occupation of the first excited subband
in the inversion channel which causes a self-consistent
modification of the potential profile. In both parts (a)
and (b) of figure 9 the positions of the 2D–2D subband

resonances are marked by arrows. The comparison of
the two high-temperature characteristics (curve (12) in (a)
and curve (2) in (b)) shows that the positions of the still
resolvable resonances correspond to each other.
As shown above, the structures in the measured
tunnelling characteristics are mainly caused by the overlap
integral between the initial and final states. However,
the calculations have shown that the value of the overlap
matrix element InA ,m not only depends on the quantum
numbers nA and m and on the bias voltage Vb , but also
on the particular potential profile. In order to analyse
the influence of the shape of the confining potential on
the probability for tunnelling processes between 0D and
2D states in the present structure, we first discuss the results
for radial symmetric square well potential of finite height.
In figure 10 the wavefunction overlap integral is plotted
as a function of bias voltage for the lowest four quantum
numbers of nA = 1–4. The overlap integral InA ,m of
the nA = 0 ground state shows only a sharp resonance
structure at Vb = V0 for m = 0 (upper part of figure 10).
In the regime Vb > V0 no resonant tunnelling process
is allowed, since the total energy cannot be conserved
during the transition. For Vb < V0 , the value of I0,0
drops exponentially towards zero within a certain voltage
range. The functions I0,m (Vb ) corresponding to the states
with higher angular momentum quantum number (m ≥
1) also show a maximum in this regime, although its
linewidth increases and its intensity decreases drastically
as m becomes larger. The overlap integrals of the radial
quantum numbers nA = 1, 2 and 3 are also plotted in
figure 10 for different values of m. In all cases, a sharp
resonance structure can only be obtained for the particular
m = 0 states. The structures which are due to higher
values of m always occur at more positive bias voltages
than for m = 0. In addition, all overlap integrals with
11
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Figure 9. (a) Measured dI / dVb curves in the temperature
range between 1.7 K and 40 K. (b) For comparison,
dI / dVb curves of unstructured samples are also shown.

larger n values (m = 0) have a large and relatively broad
peak at the voltage position V0 .
To understand this behaviour, one has to start
from equation (14). According to this equation, the
wavevector kk of the tunnelling electrons is tuned by the
applied bias voltage as all other parameters in this equation
are constant. Analysing the peak positions (m = 0)
quantitatively, one can see that each peak in the overlap
integral is due to a situation where the expression iπ/k = w
is equal to the width of the dot, w (i is an integer).
In other words, peaks in the wavefunction overlap are
always expected when a multiple integer of half of the
wavelength of the tunnelling electron, λ/2, fits into the
dot, where k = 2π/λ. Note that this explains why the
resonance peak for the overlap between the lowest 0D and
the 2D subband is not exactly at the position where the
subbands are aligned, but at somewhat more negative bias
voltages. Here, the voltage where the width of the dot is
equal to w = 1π/k simply corresponds to the zero-point
energy in the dot.
In general, the transition probability of each (radial)
0D state exhibits many different sharp and also broad
resonance structures which leads to a very complex total
tunnelling probability, as one has to sum over all states in
12

Figure 10. Calculated wavefunction overlap between the
2D state and the lowest three 0D states for a quantum dot
with a rectangular potential of finite height. The sum over
all 0D subbands is also shown.

the relevant energy range. The lowest part of figure 10
shows the sum of all single-wavefunction overlap integrals
InA ,m (Vb ) for the rectangular potential. The resonance
structures caused by the m = 0 states can still be clearly
resolved but all other maxima of InA ,m (Vb ), cannot be
definitely assigned to a particular tunnelling process since
they are too weak and contributions of too many 0D states
interfere. However, all functions InA ,m (Vb ) have a finite
value in the vicinity of Vb ≈ V0 where they contribute
to the total tunnelling
P probability. This effect leads to a
global maximum of
InA ,m around the position of the 0D
ground state resonance, which will become important when
discussing the temperature behaviour of the experimental
results.
In order to take a realistic potential situation into
account, one can choose a cosine-shaped quantum dot
potential profile with radial symmetry, which is analytically
given by the following expression:



π
1 1
Vdot (ρ) = Vmod
+ cos
(ρ − Rdot )
(15)
2 2
Rdot
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Figure 12. Comparison between the calculated tunnelling
probability and the measured dI / dVb curve at 1.7 K. The
downward arrows mark the n = 0–3 resonance peaks. The
upward arrows mark the i = 1 peak positions for each
subband.

Figure 11. Calculated wavefunction overlap between the
2D state and the lowest three 0D states for a quantum dot
with a cosine-shaped potential of finite height. The sum
over all 0D subbands is also shown.

with ρ ≤ Rdot . The parameters for this model potential are
chosen to obtain comparable quantization energies to those
for the rectangular potential discussed above.
Figure 11 shows the results for this cosine-shaped
potential, which can now be compared with the findings for
the rectangular potential discussed above. At first glance,
the shape of the overlap integrals is the same as for the
rectangular potential, but somewhat broadened. If one
looks at the peak positions for the overlap integrals of
the higher subbands one can see two differences. First,
the peaks are shifted with increasing subband index n,
and second, the peak structure is much more pronounced,
especially if one looks at the sum of the overlap integrals at
the bottom of figure 11. The shift of the peaks is understood
by the following arguments. As mentioned above, peaks in
the wavefunction overlap are always expected each time
iπ/k = w. In a cosine-shaped potential the extension
of the subbands increases with increasing subband index.
This explains the shift of the peak positions to different bias
voltages, which correspond to different k-values. The more
pronounced peak structure is due to the different shape of

the wavefunctions in the cosine-shaped potential, since the
overlap integral can be regarded as a Fourier transform of
the quantum dot states. In a finite rectangular potential the
wavefunctions are sinusoidal, which means that the Fourier
transform of the wavefunction looks like a δ-function.
For the cosine-shaped potential, the wavefunctions are
roughly harmonic oscillator-like, which means that they
contain ‘higher frequencies’ and the corresponding Fourier
transform has a rich structure.
Figure 12 shows a comparison between the calculated
tunnelling probability and the dI / dVb curve measured at
1.7 K. As one can see, the experimental results agree
well with the calculated peak positions obtained for a
cosine-shaped model potential with RDot = 62.5 nm and
Vmod = 38 meV. Not only the peak positions but also
the larger modulation of the measured dI / dVb curve are
explained by the model. These larger maxima, on which
the small peaks are superimposed, are due to contributions
of many 0D states, which is consistent with the observed
temperature behaviour of the peak amplitudes in dI / dVb .
The small peaks smear out very quickly with increasing
temperature, but the larger maxima stay clearly present up
to T ≈ 15 K since they are due to the interference of
many 0D states. The weakly exponential background is not
reproduced by the model calculation, since the transmission
coefficient of the barrier was assumed to be constant for
simplicity. Note that, strictly speaking, the calculated
tunnelling probability has to be compared with the current–
voltage characteristics. In I (Vb ), however, the structures
are too weak to be resolved and thus, the comparison with
dI / dVb is justified.
Now the sharp structures in the total tunnelling
probability which are due to the sharp peaks in the
wavefunction overlap integrals for nA = 0, 1, 2, 3, are
13

J Smoliner

assigned with single peaks in the tunnelling characteristics
(marked in figure 12 with downward arrows) and determine
the subband spacings between the lowest three 0D subbands
in the quantum dot. If one takes into account that to a
good approximation the relative energy shift of the 2D and
0D states is equal to e1Vb , the subband spacings of the
lowest three subbands are determined as 1E01 ≈ 7 meV,
1E12 ≈ 6 meV and 1E23 ≈ 5 meV. These relatively high
subband spacings are consistent with the parameters used
for sample preparation, as the dots were etched rather deep
into the GaAs on this sample. The decreasing subband
spacings with increasing subband index clearly show that
the potential in the dot is not rectangular or parabolic
and that a cosine-shaped potential is the most realistic
description of the situation.
It must be pointed out that nanostructuring is not
always required to observe tunnelling processes between
two-dimensional and low-dimensional systems. A good
example is the work of Geim et al [91], who investigated
transitions between a 2D electron gas in the emitter
electrode of a double-barrier diode and donor states inside
the well. These states can be regarded as strongly localized
0D states, and singularities in the tunnelling current can be
observed when the emitter Fermi energy matches the energy
of these localized states. Using the theoretical framework
of Matveev and Larkin [92], this singularity was attributed
to the Coulomb interaction between the fluctuating charge
on the impurity site and the 2DEG. Similar investigations
on tunnelling processes via localized 0D states were carried
out by Hickmott, who investigated incoherent mesoscopic
hole tunnelling through barrier states in p-type AlGaAs
capacitors [93].
8. 1D–1D and 1D–0D tunnelling
Recent advances in microfabrication such as lithography,
etching and epitaxial regrowth have made it possible to
reduce the dimensions of semiconductor devices in such
a way that 1D–1D and 1D–0D tunnelling processes can
be studied. A vast amount of literature deals with singleelectron effects such as the Coulomb blockade, which is
normally investigated in double quantum dot structures
realized by gates on high-mobility 2D systems. For more
details on this topic see [94]. However, one has to keep
in mind that these effects can also occur in asymmetric
double-barrier resonant tunnelling diodes [95].
The first experiments on 1D–1D and 1D–0D tunnelling
processes were carried out in ultra-small, pillar-shaped
double-barrier resonant tunnelling diodes (DBRTDs) by
Reed et al [96]. Resonance structures in the tunnelling
current were assigned to resonant tunnelling processes
between 1D states in the emitter region and the 0D states
inside the quantum well defined by the two barriers [97].
In similar experiments, based on asymmetric DBRTDs,
charge effects were also observed [95, 98]. Using a
shallow etching process in combination with a sidegate,
it is possible to adjust the 0D confinement by varying
the gate voltage. The observed resonance structures in
the tunnelling current through these devices were assigned
to Coulomb blockade effects [99] as well as to ionized
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donor atoms [100]. Note that besides etching, focused ion
beam implantation can also be used to define structures
containing quantum dots [101]. Using triple-barrier RTDs
as a starting point, tunnelling processes in coupled quantum
dot structures have also been investigated experimentally
[102] and theoretically [103, 104]. For these structures
measurements have even been reported in transverse
magnetic fields [105]. In most of the above experiments,
a harmonic oscillator-shaped potential profile was used
to describe the results. However, this turned out not
always to be sufficient and thus an anharmonic oscillator
model was introduced to simulate the experimental results
[106]. In order to explain the fine structure of the
current–voltage characteristics [107], further theoretical
investigations of these tunnelling processes yielded a strong
coupling between the 1D subbands in the contact region
and the 0D states inside the quantum dots. However,
sometimes the effect of the constriction geometry on quasi
one-dimensional transport [108] cannot be neglected, and
thus much effort has been made to investigate the influence
of the dimensionality of the involved states with [109]
magnetic fields and without magnetic fields [110, 111].
9. Summary
In summary it has been shown that tunnelling spectroscopy
reveals a large number of interesting effects if the
dimensionality of the states involved is reduced. A
very instructive way to understand these experiments is
to use the transfer Hamiltonian formalism. In terms of
this formalism, all structures in the tunnelling current
have their origin in density of states effects, transmission
coefficients and the overlap integral between the initial
and final states. As this formalism is not restricted to the
dimensionality of the states involved, it can also be applied
to tunnelling between systems of different dimensionality.
Such transitions will become more and more important
in future experiments, since advanced nanostructuring
techniques allow the fabrication of 1D and 0D systems with
high subband energies. For these systems the 1D and 0D
quantum limit could be reached, which gives hope for a
completely new class of experiments.
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[68] Suski T, Gschlössl G, Demmerle W, Smoliner J, Gornik E,
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[99] Guéret P, Blanc N, Germann R and Rothuizen H 1992
Phys. Rev. Lett. 68 1896
[100] Dellow M W, Beton P H, Langerak C J G M, Foster T J,
Main P C, Eaves L, Henini M, Beaumont S P and
Wilkinson C W D 1992 Phys. Rev. Lett. 68 1754
[101] Tarucha S, Tokuta J and Hirayama Y 1991 Rev. B 43 9373
[102] Tewordt M, Asahi H, Law V J, Syme R T, Kelly M J,
Ritchie D A, Churchill A, Frost J E F, Huges R H and
Josnes G C A 1987 Appl. Phys. Lett. 50 413
[103] Fong C Y, Nelson J S, Hemstreet L A, Gallup R F,
Chang L L and Esaki L 1992 Phys. Rev. B 46 9538
[104] Zhen Li Ji 1994 Phys. Rev. B 50 4658
[105] Tedword M et al 1994 Phys. Rev. B 49 8071
[106] Luban M and Luscombe J H 1990 Appl. Phys. Lett. 57 61
[107] Bryant G W 1991 Phys. Rev. B 44 12 838
[108] Tekman E and Ciraci S 1989 Phys. Rev. B 40 8559
[109] Kamata N, Yamada K and Miura N 1993 J. Phys. Soc.
Japan 62 2120
[110] Sa’ar S, Feng J, Grave I and Yariv A 1992 J. Appl. Phys.
72 3598
[111] Gobato Y G, Berroir J M and Gouldner Y 1993 Solid
State Commun. 87 513

